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Abstract. The Shapley value provides a principled framework for at-
tributing marginal contributions to players in coalitional games. While
its axiomatic fairness guarantees have made it a cornerstone of value
distribution in economics and multi-agent systems, recent computational
advances have extended its applicability to data-driven domains. This
paper bridges game-theoretic foundations with probabilistic reasoning by
studying Shapley-like scores in stochastic environments. We prove that
the expected Shapley value (EShap) – a player’s average impact in a game
with an independent probabilistic setting – coincides with the Shapley
value of the game whose utility is the expected utility of the original
game (ShapE). This equality, however, fails for other power indices, such
as the Banzhaf index, underscoring the Shapley value’s specificity of
consistency in uncertain settings. We further identify that for a certain
class of coefficients (including normalized Banzhaf indices) the equality
persists, broadening the scope of reliable attribution mechanisms.
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1 Introduction

In coalitional games, the Shapley value [13] resolves a fundamental question:
how to fairly distribute collective gains among players based on their marginal
contributions. Its axiomatic foundation – efficiency, symmetry, linearity, and
null-player invariance – has made it a gold standard for attribution in domains
ranging from cost allocation in economics [12], to feature importance [9] and data
valuation [5] in explainable AI. Central to its adoption is the ability to compute
player-specific values that reflect their average contribution across all possible
player orderings.

Modern applications increasingly demand reasoning under uncertainty, where
players (or, in data-centric settings [2,7], data elements) participate stochastically.
Consider a probabilistic coalitional game where each player i is available to join
a coalition with independent probability pi. In such a stochastic setting, the
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expected contribution of a player participating in a coalition can be estimated by
the expected value (over all randomized subgames) of the Shapley value of this
player, i.e., its expected Shapley Value [3,7] (EShap). Recent work [7] demonstrated
that EShap and its Banzhaf variant (EBanz) can be computed in polynomial
time when the utility of the game can be described by a Boolean function
with specific characteristics (e.g., read-once, or admitting a deterministic and
decomposable circuit decomposition), unlocking applications in scenarios ranging
from reliability analysis in decentralized systems to responsibility attribution in
probabilistic databases [14].

But another natural way of quantifying the contribution of a player in a
stochastic environment is to compute the Shapley value of that player for the
game whose utility function is the expected utility of that player in a coalition;
we denote this alternate definition as ShapE. For example, in a probabilistic
database setting such as that of [14,7], EShap is the expected Shapley value (over
all possible sub-databases with their probabilities) of a tuple in making a query
true, while ShapE represents the Shapley value of that tuple for the game whose
utility is the probability a coalition satisfies the query.

While both EShap and ShapE measure influence, it is a priori unclear whether
they are related – the former averages contributions across subgames, while the
latter applies Shapley’s axioms directly to expected utility.

Contributions. We resolve this question as follows:

– Equality for Shapley values: We prove EShap = ShapE (Section 4). This
equality validates the consistency of Shapley-based attribution in probabilistic
environments, from cooperative games to data management.

– Non-equality for Banzhaf values: Interestingly, this result is not just a
consequence of the linearity of expected value. Indeed, we show that for some
other Shapley-like values, such as Banzhaf values [1], equality doesn’t hold
(Section 5). However, for normalized Banzhaf indices, equality does hold,
with a different proof as for Shapley values (Section 6).

After briefly describing related work in Section 2, we introduce in Section 3 all
relevant notions. In Section 4, we prove the equality. In Section 5, we show that
the equality does not hold in general for arbitrary Shapley-like scores (and in
particular for Banzhaf values). In Section 6, we discuss other cases where equality
holds. Before concluding, we discuss in Section 7 the setting of non-independent
probabilistic games.

2 Related Work

The Shapley value has been widely studied for fair attribution in cooperative
games, with extensions to probabilistic settings gaining recent attention. Borko-
tokey et al. [3] and Karmakar et al. [7] formally define the expected Shapley value
in games where coalition participation is stochastic, showing it satisfies natural
axioms and coincides with intuitive influence measures.
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From a computational perspective, Deutch et al. [4] and Karmakar et al. [7]
link Shapley value computation to probabilistic inference in databases, leveraging
provenance circuits for tractable query evaluation. These approaches allow efficient
computation of expected Shapley scores over some tractable Boolean functions
under uncertainty.

Other game-theoretic works, such as those by Miranda and Montes [10] and
Pongou and Tondji [11], reinterpret Shapley and Banzhaf values as expectations
under different coalition distributions. In AI, Shapley values have been extended
to uncertain environments for data and feature attribution [9], though such
applications typically rely on sampling and heuristic methods.

Our work complements these by proving a formal equality: the expected
Shapley value (EShap) equals the Shapley value of the expected utility (ShapE)
(which, to the best of our knowledge has not been specifically studied so far). As
a consequence, we inherit tractability results from [7].

3 Definitions

We begin by introducing the notion of marginal contribution through a class of
player scoring functions based on coefficients, which we call Shapley-like scores
as in [7]. Let c : N× N → Q be a function, referred to as a coefficient function,
and let v : 2N → R be a utility function defined on coalitions of a finite set N
of players, with i ∈ N . We define the score of player i with coefficients c in the
game as:

Scorec(v,N, i)
def
=

∑
C⊆N\{i}

c(|N |, |C|)× [v(C ∪ {i})− v(C)]

This generic formulation encompasses well-known coefficient functions from
cooperative game theory:

– When c(k, ℓ) = cShapley(k, ℓ)
def
= ℓ!(k−ℓ−1)!

k! =
[(

k−1
ℓ

)
· k

]−1

, Scorec(v,N, i)

corresponds to the classical Shapley value.
– When c(k, ℓ) = cBanzhaf(k, ℓ)

def
= 1, Scorec(v,N, i) corresponds to the Banzhaf

value.
– The Penrose–Banzhaf index (a standard normalization of the Banzhaf value

[8]) corresponds to c(k, ℓ) = 2−k+1.

In the context of this work, we consider a player-independent probabilistic
game G = (N, (pi)i∈N ), where pi is the probability that player i participates in a
random instance of the game. See Section 7 for a discussion of the non-independent
setting.

We also use the following notation: ΠZ(C)
def
=

∏
j∈C

pj
∏

j∈Z\C
(1 − pj) for C

and Z two sets of players.
For i ∈ N and some utility function v (i.e., a function from coalitions of

players to R indicating the utility of this coalition), EShap(v,G, i) is the expected
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Shapley value of player i for utility v in G. The expectation is taken over all
possible participating coalitions Z:

EShap(v,G, i) def
=

∑
Z⊆N,i∈Z

(
ΠN (Z)× ScorecShapley(v, Z, i)

)

=
∑

Z⊆N,i∈Z

ΠN (Z)×
∑

C⊆Z\{i}

cShapley(|Z|, |C|)× [v(C ∪ {i})− v(C)]


= pi ×

∑
Z⊆N\{i}

ΠN\{i}(Z)×
∑
C⊆Z

cShapley(|Z|+ 1, |C|)× [v(C ∪ {i})− v(C)]


= pi ×

∑
C⊆N\{i}

(v(C ∪ {i})− v(C))

 ∑
C⊆Z⊆N\{i}

cShapley(|Z|+ 1, |C|)ΠN\{i}(Z)


For a utility function v, a probabilistic game G = (N, (pi)i∈N ) and a player i,

we now define ShapE(v,G, i) as the Shapley value of i in N with a value function
that maps a coalition Z to the expected value (under G) of the utility v:

ShapE(v,G, i) def
=

∑
Z⊆N\{i}

cShapley(|N |, |Z|)× (EG(v(Z ∪ {i}))− EG(v(Z)))

=
∑

Z⊆N\{i}

cShapley(|N |, |Z|)

 ∑
C1⊆Z∪{i}

ΠZ∪{i}(C1)v(C1)−
∑

C2⊆Z

ΠZ(C2)v(C2)


=

∑
Z⊆N\{i}

cShapley(|N |, |Z|)
( ∑

C′
1⊆Z

piΠZ(C
′
1)v(C

′
1 ∪ {i})

+
∑

C′′
1 ⊆Z

(1− pi)ΠZ(C
′′
1 )v(C

′′
1 )−

∑
C2⊆Z

ΠZ(C2)v(C2)
)

=
∑

Z⊆N\{i}

cShapley(|N |, |Z|)
( ∑

C′
1⊆Z

piΠZ(C
′
1)v(C

′
1 ∪ {i})−

∑
C′′

1 ⊆Z

piΠZ(C
′′
1 )v(C

′′
1 )

+

���������∑
C′′

1 ⊆Z

ΠZ(C
′′
1 )v(C

′′
1 )−

���������∑
C2⊆Z

ΠZ(C2)v(C2)
)

=
∑

Z⊆N\{i}

cShapley(|N |, |Z|)

∑
C⊆Z

piΠZ(C)v(C ∪ {i})−
∑
C⊆Z

piΠZ(C)v(C)


= pi ×

∑
Z⊆N\{i}

cShapley(|N |, |Z|)

∑
C⊆Z

ΠZ(C)(v(C ∪ {i})− v(C))


= pi ×

∑
C⊆N\{i}

(v(C ∪ {i})− v(C))

 ∑
C⊆Z⊆N\{i}

cShapley(|N |, |Z|)×ΠZ(C)


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4 Equality between EShap and ShapE

We prove in this section that EShap and ShapE are actually equal. We note that
this is non-trivial, and in particular not a simple consequence of the linearity
of the expected value, but critically relies on the combinatorial structure of the
Shapley coefficients cShapley. For arbitrary score functions (e.g., Banzhaf), this
equality fails, as shown in Section 5. Formally:

Proposition 1. For any probabilistic game G = (N, (pi)i∈N ), any utility func-
tion v over N , and any player i ∈ N , we have:

EShap(v,G, i) = ShapE(v,G, i)

Proof. To prove the equality of EShap and ShapE we have to show:

pi ×
∑

C⊆N\{i}

(v(C ∪ {i})− v(C))

 ∑
C⊆Z⊆N\{i}

cShapley(|Z|+ 1, |C|)×ΠN\{i}(Z)


?
= pi ×

∑
C⊆N\{i}

(v(C ∪ {i})− v(C))

 ∑
C⊆Z⊆N\{i}

cShapley(|N |, |Z|)×ΠZ(C)


For any fixed coalition C, it suffices to show that the coefficients of (v(C ∪

{i})− v(C)) in both expressions are equal, that is:∑
C⊆Z⊆N\{i}

cShapley(|Z|+ 1, |C|)×ΠN\{i}(Z)

︸ ︷︷ ︸
LHS

?
=

∑
C⊆Z⊆N\{i}

cShapley(|N |, |Z|)×ΠZ(C)

︸ ︷︷ ︸
RHS

(1)

To show the equality of the above-mentioned coefficients, we view the expressions
on the left-hand side (LHS) and right-hand side (RHS) as polynomials over the
(pj)j∈N variables. Consider the expansion of these polynomials into sums of
monomials; it is clear that all monomials involved will be factors of

∏
j∈C pj .

We can thus rewrite LHS and RHS as sums of monomials with corresponding
coefficients, in the form:

LHS =
∑

C⊆X⊆N\{i}

C
(1)
C,X × Prod(X)

and

RHS =
∑

C⊆X⊆N\{i}

C
(2)
C,X × Prod(X)

where Prod(X) =
∏
j∈X

pj , and C
(1)
C,X and C

(2)
C,X are the coefficients of Prod(X)

in LHS and RHS, respectively. We now show that C
(1)
C,X = C

(2)
C,X , for any fixed

coalition C and any X ⊇ C.
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Computing C
(1)
C,X .

LHS =
∑

C⊆Z⊆N\{i}

cShapley(|Z|+ 1, |C|)ΠN\{i}(Z) =
∑

C⊆X⊆N\{i}

C
(1)
C,X × Prod(X)

Let us expand ΠN\{i}(Z) as a sum of monomials over the (pj)j∈N :

ΠN\{i}(Z) =
∏
j∈Z

pj ×
∏

j∈N\{i}\Z

(1− pj) =
∑

Z⊆X⊆N\{i}

(−1)|X|−|Z| × Prod(X)

Thus, for any X, the coefficient of Prod(X) in LHS is:

C
(1)
C,X =

∑
C⊆Z⊆X

(−1)|X|−|Z| × cShapley(|Z|+ 1, |C|)

=

|X|∑
k=|C|

(−1)|X|−k ×
(
|X| − |C|
k − |C|

)
× cShapley(k + 1, |C|)

We then compute:(
|X| − |C|
k − |C|

)
× cShapley(k + 1, |C|)

=
(|X| − |C|)!

(k − |C|)! (|X| − k)!
× (k − |C|)! |C|!

k!
× 1

k + 1

=
|X|! (|X| − |C|)! |C|!
k! (|X| − k)! |X|!

× 1

k + 1

=

(|X|
k

)(|X|
|C|

) × 1

k + 1

Thus:

C
(1)
C,X =

|X|∑
k=|C|

(−1)|X|−k ×
(|X|

k

)(|X|
|C|

) × 1

k + 1

=
(−1)|X|(|X|

|C|
) |X|∑

k=|C|

(−1)k
(
|X|
k

)
× 1

k + 1

=
(−1)|X|(|X|

|C|
) |X|∑

k=|C|

(−1)k
|X|!

k! (|X| − k)!
× 1

k + 1

=
(−1)|X|(|X|

|C|
)
(|X|+ 1)

|X|∑
k=|C|

(−1)k
(|X|+ 1)!

(k + 1)! (|X| − k)!

=
(−1)|X|(|X|

|C|
) × 1

|X|+ 1

|X|∑
k=|C|

(−1)k
(
|X|+ 1

k + 1

)
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Then:

|X|∑
k=|C|

(−1)k
(
|X|+ 1

k + 1

)
=

|X|+1∑
j=|C|+1

(−1)j−1

(
|X|+ 1

j

)
= −

|X|+1∑
j=|C|+1

(−1)j
(
|X|+ 1

j

)

=

|C|∑
j=0

(−1)j
(
|X|+ 1

j

) [
Using the binomial expansion of (1 + x)|X|+1

∣∣
x=−1

]

=

(
|X|
0

)
+

|C|∑
j=1

(−1)j
((

|X|
j − 1

)
+

(
|X|
j

)) [
∵

(
n

r

)
+

(
n

r − 1

)
=

(
n+ 1

r

)]

=

(
|X|
0

)
−
((

|X|
0

)
+

(
|X|
1

))
+

((
|X|
1

)
+

(
|X|
2

))
−
((

|X|
2

)
+

(
|X|
3

))
+ · · ·+ (−1)|C|−1

((
|X|

|C| − 2

)
+

(
|X|

|C| − 1

))
+ (−1)|C|

((
|X|

|C| − 1

)
+

(
|X|
|C|

))
= (−1)|C|

(
|X|
|C|

)
Therefore, we get:

C
(1)
C,X =

(−1)|X|(|X|
|C|

) × 1

|X|+ 1
× (−1)|C|

(
|X|
|C|

)
= (−1)|X|+|C| 1

|X|+ 1

= (−1)|X|−|C| 1

|X|+ 1
[∵ (|X|+ |C|) mod 2 = (|X| − |C|) mod 2] (2)

Computing C
(2)
C,X .

RHS =
∑

C⊆Z⊆N\{i}

cShapley(|N |, |Z|)×ΠZ(C) =
∑

C⊆X⊆N\{i}

C
(2)
C,X × Prod(X)

Let us expand ΠZ(C) as a sum of monomials over the (pj)j∈N :

ΠZ(C) =
∏
j∈C

pj ×
∏
j∈Z

(1− pj) =
∑

C⊆X⊆Z

(−1)|X|−|C| × Prod(X)

Thus, for any X, the coefficient of Prod(X) in LHS is:

C
(2)
C,X =

∑
X⊆Z⊆N\{i}

(−1)|X|−|C| × cShapley(|N |, |Z|)

= (−1)|X|−|C|
|N |−1∑
t=|X|

(
|N | − 1− |X|

t− |X|

)
× cShapley(|N |, t)
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We then compute:(
|N | − 1− |X|

t− |X|

)
× cShapley(|N |, t)

=
(|N | − 1− |X|)!

(t− |X|)!(|N | − 1− t)!
× t!(|N | − 1− t)!

(|N | − 1)!
× 1

|N |

=
(|N | − 1− |X|)!× t!× |X|!
(t− |X|)!× (|N | − 1)!× |X|!

× 1

|N |

=

(
t

|X|
)(|N |−1

|X|
) × 1

|N |

Thus:

C
(2)
C,X = (−1)|X|−|C|

|N |−1∑
t=|X|

(
t

|X|
)(|N |−1

|X|
) × 1

|N |

= (−1)|X|−|C| × 1(|N |−1
|X|

) × 1

|N |

|N |−1∑
t=|X|

(
t

|X|

)

= (−1)|X|−|C| × 1(|N |−1
|X|

) × 1

|N |
×

(
|N |

|X|+ 1

)
[Hockey-stick identity]

= (−1)|X|−|C| 1

|X|+ 1
(3)

From Equations (2) and (3) we have that C
(1)
C,X = C

(2)
C,X for any X ⊇ C, which

shows that LHS = RHS in Equation (1), and concludes the proof. ⊓⊔

Example 1. Let us inspect a simple example with set of players N = {1, 2, 3}
associated with probabilities p1 = 0.3, p2 = 0.6, p3 = 0.7. Define the utility
function v such that: v(∅) = 0, v({1}) = 1, v({2}) = 2, v({3}) = 3, v({1, 2}) = 7,
v({1, 3}) = 9, v({2, 3}) = 11, and v({1, 2, 3}) = 14. We compute for player 1:

EShap(v,G, 1) = p1

[
Π{2,3}(∅)cShapley(1, 0)(v({1})− v(∅))

+Π{2,3}({2})
(
cShapley(2, 0)(v({1})− v(∅)) + cShapley(2, 1)(v({1, 2})− v({2}))

)
+Π{2,3}({3})

(
cShapley(2, 0)(v({1})− v(∅)) + cShapley(2, 1)(v({1, 3})− v({3}))

)
+Π{2,3}({2, 3})

(
cShapley(3, 0)(v({1})− v(∅))cShapley(3, 1)(v({1, 2})− v({2}))

+ cShapley(3, 1)(v({1, 3})− v({3})) + cShapley(3, 2)(v({1, 2, 3})− v({2, 3}))
)]

= 0.891
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ShapE(v,G, 1) = p1

[
cShapley(3, 0)

(
Π∅(∅)(v({1})− v(∅))

)
+ cShapley(3, 1)

(
Π{2}(∅)(v({1})− v(∅)) +Π{2}({2})(v({1, 2})− v({2}))

)
+ cShapley(3, 1)

(
Π{3}(∅)(v({1})− v(∅)) +Π{3}({3})(v({1, 3})− v({2}))

)
+ cShapley(3, 2)

(
Π{2,3}(∅)(v({1})− v(∅)) +Π{2,3}({2})(v({1, 2})− v({2}))

+Π{2,3}({3})(v({1, 3})− v({3})) +Π{2,3}({2, 3})(v({1, 2, 3})− v({2, 3}))
)]

= 0.891

We then inherit the tractability results about EShap from [7] (Corollary 3.7):

Corollary 1. Let G = (N, (pi)i∈N ) be a probabilistic game, and let v be a Boolean
utility function over N in any class of Boolean functions whose probability can
be computed in polynomial time (e.g., read-once functions, or functions given
by a deterministic and decomposable circuits). Then ShapE (v,G, i) can also be
computed in polynomial time.

5 Inequality for Unnormalized Banzhaf Values

Note that Proposition 1 is specific to Shapley value, it does not hold for arbitrary
other common score functions such as Banzhaf values:

Proposition 2. Proposition 1 does not hold when the Shapley coefficient function
is replaced with the Banzhaf coefficient function ((k, ℓ) 7→ 1).

Proof. Consider a simple setting where N is formed of three players f, g, h with
probabilities pf , pg, and 1, respectively, and v returns 1 if and only if at least
two among the players {f, g, h} are in the coalition, 0 otherwise. We compute
EBanz(v,G, h) and BanzE(v,G, h) for the Banzhaf coefficient function and show
they differ.

EBanz(v,G, h) = ΠN ({f, g, h})× ScorecBanzhaf
(v, {f, g, h}, h)

+ΠN ({f, h})× ScorecBanzhaf
(v, {f, h}, h)

+ΠN ({g, h})× ScorecBanzhaf
(v, {g, h}, h)

= pfpg × 2× c(3, 1) + (pf (1− pg) + pg(1− f))× c(2, 1)

BanzE(v,G, h) = c(3, 2)× (pf (1− pg) + pg(1− pf )) + c(3, 1)× (pf + pg)

Let us fix pf = 1
4 and pg = 1

2 . Then, for the Banzhaf coefficient function,
EBanz(v,G, h) and BanzE(v,G, h) evaluate, respectively, to 1

4 + 1
8 + 3

8 = 3
4 and

to 1
8 + 3

8 + 1
4 + 1

2 = 5
4 ̸= 3

4 . ⊓⊔
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6 Equality for Normalized Banzhaf Values

In the previous section, we demonstrated that the equality EShap = ShapE
is specific to the classical Shapley value and does not extend to the Banzhaf
index. However, a natural question arises: can this equality exist for other power
indices that, similarly to Banzhaf values, can be expressed as Shapley-like values
with a specific coefficient function? In this section, we show that it is indeed
the case for the standard normalization of the Banzhaf value, sometimes called
the Penrose–Banzhaf index [8], i.e., with coefficient function c′(k, ℓ) = 2−k+1.
Note that, in a probabilistic setting, the number of available players is not
constant, so the expected score EScore for this coefficient function is not a
constant normalization of EBanz (however, ScoreE is a normalization of BanzE!).
We show that Proposition 1 holds for this index too.

Though the details of the proof are different, we follow the same coefficient
comparison strategy as in Section 4. First, we compute the coefficient C

(1)
C,X of

the monomial Prod(X) in the expansion of the LHS expression (expected score
under the probabilistic model), using the modified coefficient c′(k, ℓ) = 2−k+1.

Computing C
(1)
C,X . The expression of C(1)

C,X for c′ index is as follows:

C
(1)
C,X =

∑
C⊆Z⊆X

(−1)|X|−|Z| × c′(|Z|+ 1, |C|)

=

|X|∑
k=|C|

(−1)|X|−k ×
(
|X| − |C|
k − |C|

)
× c′(k + 1, |C|)

= (−1)|X|
|X|∑

k=|C|

(−1)−k ×
(
|X| − |C|
k − |C|

)
× 2−k

= (−1)|X|
|X|∑

k=|C|

(
−1

2

)k

×
(
|X| − |C|
k − |C|

)

= (−1)|X|
|X|−|C|∑

j=0

(
−1

2

)j+|C|

×
(
|X| − |C|

j

)
[j = k − |C|]

= (−1)|X|−|C| × 2−|C|
|X|−|C|∑

j=0

(
−1

2

)j

×
(
|X| − |C|

j

)

= (−1)|X|−|C| × 2−|C|
(
1− 1

2

)|X|−|C|

= (−1)|X|−|C| × 2−|C| × 2|C|−|X|

= (−1)|X|−|C| × 2−|X|
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Next, we compute the corresponding coefficient C
(2)
C,X in the RHS expression,

that is, the monomial coefficient in the Normalized Banzhaf index applied to the
expected utility function.

Computing C
(2)
C,X . The expression of C(2)

C,X for c′ index is as follows:

C
(2)
C,X =

∑
X⊆Z⊆N\{i}

(−1)|X|−|C| × c′(|N |, |Z|)

= (−1)|X|−|C|
|N |−1∑
t=|X|

(
|N | − 1− |X|

t− |X|

)
× c′(|N |, t)

= (−1)|X|−|C|
|N |−1∑
t=|X|

(
|N | − 1− |X|

t− |X|

)
× 2−|N |+1

= (−1)|X|−|C| × 2−|N |+1

|N |−1∑
t=|X|

(
|N | − 1− |X|

t− |X|

)

= (−1)|X|−|C| × 2−|N |+1

|N |−1−|X|∑
r=0

(
|N | − 1− |X|

r

)
[r = t− |X|]

= (−1)|X|−|C| × 2−|N |+1 × 2|N |−1−|X|

= (−1)|X|−|C| × 2−|X|

Thus, C(1)
C,X = C

(2)
C,X . Consequently, the expected index of players in a proba-

bilistic game for c′ is identical to the index of the game success-probability score
function for c′.

Generalization. Motivated by the previous findings, we now investigate more
generalized coefficient functions of the form c(k, ℓ) = a−k+m, where a,m ∈ R is
a parameter. This allows us to analyze under what values of a the Proposition 1
holds.

We again follow the coefficient comparison approach and derive necessary
conditions on a for the equality EScorec = ScoreEc.

C1
C,X =

∑
C⊆Z⊆X

(−1)|X|−|Z| × c(|Z|+ 1, |C|)

=

|X|∑
k=|C|

(−1)|X|−k

(
|X| − |C|
k − |C|

)
× c(k + 1, |C|)

=

|X|−|C|∑
s=0

(−1)|X|−s−|C|
(
|X| − |C|

s

)
× c(s+ |C|+ 1, |C|)
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C2
C,X =

∑
X⊆Z⊆N\{f}

(−1)|X|−|C| × c(|N |, |Z|)

= (−1)|X|−|C|
|N |−1∑
t=|X|

(
|N | − 1− |X|

t− |X|

)
× c(|N |, t)

= (−1)|X|−|C|
|N |−1−|X|∑

r=0

(
|N | − 1− |X|

r

)
× c(|N |, r + |X|)

For equality between C1
C,X and C2

C,X , now we write:

|X|−|C|∑
s=0

(−1)|X|−s−|C|
(
|X| − |C|

s

)
× c(s+ |C|+ 1, |C|)

= (−1)|X|−|C|
|N |−1−|X|∑

r=0

(
|N | − 1− |X|

r

)
× c(|N |, r + |X|)

⇐⇒������
(−1)|X|−|C|

|X|−|C|∑
s=0

(−1)−s

(
|X| − |C|

s

)
× c(s+ |C|+ 1, |C|)

=������
(−1)|X|−|C|

|N |−1−|X|∑
r=0

(
|N | − 1− |X|

r

)
× c(|N |, r + |X|)

⇐⇒
|X|−|C|∑

s=0

(−1)−s

(
|X| − |C|

s

)
a−s−|C|−1+m =

|N |−1−|X|∑
r=0

(
|N | − 1− |X|

r

)
a−|N |+m

⇐⇒ a−|C|−1+m

|X|−|C|∑
s=0

(−1

a
)s
(
|X| − |C|

s

)
= a−|N |+m

|N |−1−|X|∑
r=0

(
|N | − 1− |X|

r

)
⇐⇒ a−|C|−1+�m × (1− 1

a
)|X|−|C| = a−|N |+�m × 2|N |−1−|X|

⇐⇒ a|N |−1−|X| × (a− 1)|X|−|C| = 2|N |−1−|X|

⇐⇒ (
a

2
)|N |−1−|X| × (a− 1)|X|−|C| = 1

For this equation to hold, the only possible value of a is 2, and m can take
any arbitrary value.

7 Non-Independent Players

We have assumed so far (see Section 3) that probabilistic games are player-
independent, i.e., that the participation of a player i in a probabilistic game is
independent of the participation of every other player. The proof of equality
between EShap and ShapE crucially relies on the form of ΠZ(C) for independent
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probability distributions; it is unclear whether it could be extended to (some)
dependent settings. We leave this as exploration for future work.

However, we note that arbitrary dependencies between players can be captured
in the utility function, on which we made no assumption. This observation
is analogous to the observation made in [6] in the settings of probabilistic
databases, where views defined by arbitrary queries over tuple-independent
databases can represent any arbitrary correlations. In other words, any player-
dependent probabilistic game can be transformed into an equivalent player-
independent probabilistic game, and even into an equivalent non-probabilistic
game.

Proposition 3. Consider an arbitrary probabilistic game G = (N,Pr), where
N is a finite set of players and Pr : 2N → [0, 1] is an arbitrary probability
distribution over 2N . Let v : 2N → R be some utility function. Then there exists
a player-independent probabilistic game G′ = (N, (p′i)i∈N ) over N and a utility
function v′ : 2N → R such that, for any Z ⊆ N , EG(v(Z)) = EG′(v′(Z)).

Furthermore, one can choose p′i to be all equal to some constant α > 0, includ-
ing α = 1 (which means the game becomes non-probabilistic and EG′(v′(Z)) =
v′(Z)).

Proof. Let Z ⊆ N . We have:

EG(v(Z)) =
∑
C⊆N

Pr(C)× v(C ∩ Z) =
∑
C⊆Z

v(C)

 ∑
X⊆N−Z

Pr(C ∪X)


We need to define v′(C) for any C ⊆ N such that, for any Z ⊆ N :

∑
C⊆Z

v′(C)
∏
j∈C

p′j
∏

j∈Z\C

(1− p′j) =
∑
C⊆Z

v(C)

 ∑
X⊆N−Z

Pr(C ∪X)


We pose p′i

def
= α for all i ∈ N , yielding:

∑
C⊆Z

v′(C)α|Z| =
∑
C⊆Z

v(C)

 ∑
X⊆N−Z

Pr(C ∪X)


This holds if we define ν′(Z) inductively by:
ν′(∅) def

= ν(∅)

ν′(Z)
def
= α−|Z|

∑
C⊆Z

v(C)

 ∑
X⊆N−Z

Pr(C ∪X)

−
∑
C⊊Z

v′(C) for Z ̸= ∅ ⊓⊔

This transformation, however, loses most of the structure of the game; for
instance, if the utility function is a Boolean utility function given in a simple form,
the transformed game will generally not be of the same nature and Corollary 1
cannot be applied.
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8 Conclusion

We have proven that the Expected Shapley value (EShap) for player-independent
probabilistic games equals the Shapley value of the expected utility game (ShapE),
illustrating the robustness of Shapley’s axioms under uncertainty. We contrasted
this result with the unnormalized Banzhaf index, where the equality fails, and
showed it is restored only after normalizing it.

Our findings help apply game-theoretic fairness principles to probabilistic
reasoning confirming expected Shapley value (and Shapley value of the expected
game) as a principled attribution tool in stochastic settings beyond the Boolean
settings studied in the probabilistic database literature. Future directions include
finding a complete characterization of the coefficient family that preserves the
EScore = ScoreE equality and investigating the case of games that are not
player-independent.

Miranda et al. [10] show that Shapley and normalized Banzhaf values can
serve as probability transformations under imprecise probabilities, providing
fairness and consistency under certain conditions. Exploring connections with
our results is a direction for future work.
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