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Setting

� Relational model
� Set semantics
� Named perspective (no order between attributes)
� Untyped attributes
� A relation schema can therefore be seen as a set of

attribute names
� All this easily generalizes to other contexts (except bag

semantics, which is more complex)
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Functional dependency (FD)

� Relation between attributes of the same table R
� Forbids the presence of certain tuples in the database
� Generalizes the notion of a key
� Written X ! Y where X and Y are two sets of attribute

names of the same table
� Definition: An instance r satisfies X ! Y , written
r j= X ! Y if 8t; t0 2 r, if t[X] = t0[X], then t[Y ] = t0[Y ]

� Cannot be specified as a constraint in SQL unless they are
keys (we will see this is expected: if a relation is in BCNF,
no nontrivial FD)
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Multivalued dependency (MVD)

� Relation between attributes of the same table R
� Enforces the presence of certain tuples in the table
� Written X !! Y where X and Y are two sets of attribute

names of the same table
� Definition: An instance r satisfies X !! Y , written
r j= X !! Y if 8t; t0 2 r, if t[X] = t0[X], and Z is the set of
attributes of R outside X [ Y , then there exists a tuple t00

such that t00[X] = t[X], t00[Y ] = t[Y ] and t00[Z] = t0[Z]

� Cannot be specified as a constraint in SQL (we will see this
is expected: if a relation is in 4NF, no nontrivial MVD)
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What are FD and MVD for?

� Like all constraints: they impose logical constraints at the
schema level on the database, ensuring data integrity

� They allow defining a theory of normalization which
connects to practical database design concerns (cf. next
lecture)

� Important special cases of a family of dependencies
(EGD+TGD) that appear in many contexts (see later)
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The chase

Let R be a relation schema, and let � be a set of functional and
multivalued dependencies on R.

The chase is an algorithm that decides whether a functional or
multivalued dependency is implied by � in R:

�
?

j= �

In other words:

8r instance of R r j= �
?
) r j= �
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Examples

We consider the schema fA;B;C;Dg.

1. ffAg !! fB;Cg; fDg ! fCgg
?

j= fAg ! fCg

2. ffAg !! fBg; fBg !! fCgg
?

j= fAg !! fCg

3. ffAg !! fB;Cg; fC;Dg ! fBgg
?

j= fAg ! fBg
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Example 1 (1/6)

ffAg !! fB;Cg; fDg ! fCgg
?

j= fAg ! fCg

Create an instance r on the schema fA;B;C;Dg with two
tuples and distinct values for all attributes.

A B C D

a1 b1 c1 d1

a2 b2 c2 d2
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Example 1 (2/6)

ffAg !! fB;Cg; fDg ! fCgg
?

j= fAg ! fCg

We want to determine whether fAg ! fCg.
Make all values of A identical.

a1 = a2

A B C D

a1 b1 c1 d1

a1 b2 c2 d2
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Example 1 (3/6)

ffAg !! fB;Cg; fDg ! fCgg
?

j= fAg ! fCg

Use fAg !! fB;Cg. Create two new tuples by copying the two
tuples with the same value of A but swapping their values for
fB;Cg. The multivalued dependency generates tuples. This is
a tuple-generating dependency (TGD).

A B C D

a1 b1 c1 d1

a1 b2 c2 d2

a1 b2 c2 d1

a1 b1 c1 d2
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Example 1 (4/6)

ffAg !! fB;Cg; fDg ! fCgg
?

j= fAg ! fCg

Use fDg ! fCg. For every two tuples with the same value of
D, make their value of C identical: c1 = c2. The functional
dependency generates equalities. This is an equality-generating
dependency (EGD).

A B C D

a1 b1 c1 d1

a1 b2 c1 d2

a1 b2 c1 d1

a1 b1 c1 d2
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Example 1 (5/6)

ffAg !! fB;Cg; fDg ! fCgg
?

j= fAg ! fCg

No rule applies: the relation already satisfies the two
dependencies of �. We observe that r satisfies fAg ! fCg.

r j= fAg ! fCg

The answer is therefore yes.

A B C D

a1 b1 c1 d1

a1 b2 c1 d2

a1 b2 c1 d1

a1 b1 c1 d2
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Example 1 (6/6)
r also satisfies fDg ! fAg but this is a coincidence. We can
only answer the question about fAg ! fCg.
Another chase would be necessary for fDg ! fAg.

A B C D

a1 b1 c1 d1

a1 b2 c1 d2

a1 b2 c1 d1

a1 b1 c1 d2
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Example 2 (1/5)

R = fA;B;C;Dg

ffAg !! fBg; fBg !! fCgg
?

j= fAg !! fCg

A B C D

a1 b1 c1 d1

a2 b2 c2 d2
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Example 2 (2/5)

R = fA;B;C;Dg

ffAg !! fBg; fBg !! fCgg
?

j= fAg !! fCg

We want to determine whether fAg !! fCg.
We make all values of A identical.

a1 = a2

A B C D

a1 b1 c1 d1

a1 b2 c2 d2
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Example 2 (3/5)

R = fA;B;C;Dg

ffAg !! fBg; fBg !! fCgg
?

j= fAg !! fCg

Use fAg !! fBg.

A B C D

a1 b1 c1 d1

a1 b2 c2 d2

a1 b2 c1 d1

a1 b1 c2 d2



20/50

FD and MVD Chase of FD and MVD Generalization General chase References

Example 2 (4/5)

R = fA;B;C;Dg

ffAg !! fBg; fBg !! fCgg
?

j= fAg !! fCg

Use fBg !! fCg (twice).

A B C D

a1 b1 c1 d1

a1 b2 c2 d2

a1 b2 c1 d1

a1 b1 c2 d2

a1 b1 c2 d1

a1 b1 c1 d2

a1 b2 c1 d2

a1 b2 c2 d1
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Example 2 (5/5)
No rule applies.

r j= fAg !! fCg

The answer is therefore yes.

A B C D

a1 b1 c1 d1

a1 b2 c2 d2

a1 b2 c1 d1

a1 b1 c2 d2

a1 b1 c2 d1

a1 b1 c1 d2

a1 b2 c1 d2

a1 b2 c2 d1
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Example 3 (1/3)

ffAg !! fB;Cg; fC;Dg ! fBgg
?

j= fAg ! fBg

A B C D

a1 b1 c1 d1

a2 b2 c2 d2
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Example 3 (2/3)

ffAg !! fB;Cg; fC;Dg ! fBgg
?

j= fAg ! fBg

Use fAg !! fB;Cg.

A B C D

a1 b1 c1 d1

a1 b2 c2 d2

a1 b2 c2 d1

a1 b1 c1 d2
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Example 3 (3/3)
No rule applies.

r 6j= fAg ! fBg

The answer is therefore no.

A B C D

a1 b1 c1 d1

a1 b2 c2 d2

a1 b2 c2 d1

a1 b1 c1 d2

We have constructed a counterexample.
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The power of the chase

The chase is a very powerful tool: it can be used to prove that a
functional or multivalued dependency is satisfied!

Theorem ([Maier et al., 1979])
The chase with FDs and MVDs always terminates after a
finite number of operations, and constructs a
counterexample if and only if one exists.

Why? We will see that this is a special case of a much more
general result.



26/50

FD and MVD Chase of FD and MVD Generalization General chase References

The power of the chase

The chase is a very powerful tool: it can be used to prove that a
functional or multivalued dependency is satisfied!

Theorem ([Maier et al., 1979])
The chase with FDs and MVDs always terminates after a
finite number of operations, and constructs a
counterexample if and only if one exists.

Why? We will see that this is a special case of a much more
general result.



26/50

FD and MVD Chase of FD and MVD Generalization General chase References

The power of the chase

The chase is a very powerful tool: it can be used to prove that a
functional or multivalued dependency is satisfied!

Theorem ([Maier et al., 1979])
The chase with FDs and MVDs always terminates after a
finite number of operations, and constructs a
counterexample if and only if one exists.

Why? We will see that this is a special case of a much more
general result.



27/50

FD and MVD Chase of FD and MVD Generalization General chase References

Starting the chase

Let � be a set of functional and multivalued dependencies on a
relation schema R. Let � be a functional or multivalued
dependency.

� = X ! Y or � = X !! Y

1. Create a table r of schema R with two tuples with all
values different.

2. For each A 2 X, make the values of A identical (by
choosing different values for each A).
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Chase

Repeat until reaching a fixed point:
1. For each functional dependency Z ! V 2 �:

� If two tuples have the same value of Z, make their value of
V identical.

2. For each multivalued dependency Z !! V 2 �:
� If two tuples have the same value of Z, add two new tuples

with the same values, except that the values of V are
swapped.

At the fixed point (which we always reach):

r j= � is equivalent to � j= �

It suffices to check whether r satisfies �.
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Testing whether a decomposition is lossless

If R = X [ Y [ Z with X, Y , Z disjoint, an MVD X !! Y is
satisfied by r iff:

�X[Y (r) ./ �X[Z(r) = r

We can therefore use MVDs to test whether a relation schema
R = X [ Y [ Z (satisfying dependencies �) can be decomposed
into two relations R1 = X [ Y and R2 = X [ Z losslessly:

Use the chase to decide whether �
?

j= X !! Y

(or, equivalently, �
?

j= X !! Z)
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FD as logical dependencies
R = (A1; : : : An); fA1g ! fA2A3g can be expressed as:

8a18a28a3 : : : 8an8a
0

2
8a0

3
: : : 8a0

n

R(a1; a2; a3; a4; : : : ; an)^R(a1; a
0

2
; a0

3
; a0

4
; : : : ; a0

n
)) a2 = a0

2
^a3 = a0

3

Such a formula is an instance of a more general formula:

8x1 : : : 8xm '(x1 : : : xm) )  (x1 : : : xm)

where '(x1 : : : xm) is a CQ with variables x1 : : : xm and
 (x1 : : : xm) is a conjunction of equalities with variables
x1 : : : xm.
Such formulas are called equality-generating dependencies
(EGDs).
FDs have the particularity of having:
� only 2 atoms in the left-hand side
� only 1 relation mentioned
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MVD as logical dependencies
R = (A1; : : : An); fA1g !! fA2A3g can be expressed as:

8a18a28a3 : : : 8an8a
0

2
8a0

3
: : : 8a0

n

R(a1; a2; a3; : : : ; an) ^R(a1; a
0

2
; a0

3
; : : : ; a0

n
)) R(a1; a

0

2
; a0

3
; a4; : : : ; an)

Such a formula is an instance of a more general formula:

8x1 : : : 8xm '(x1 : : : xm) ) 9y1 : : : 9yp  (x1 : : : xm; y1; : : : ; yp)

where '(x1 : : : xm) is a CQ with variables x1 : : : xm and
 (x1 : : : xm; y1; : : : ; yp) is a CQ with variables x1 : : : xm; y1 : : : yp.
Such formulas are called tuple-generating dependencies (TGDs).
MVDs have the particularity of having:
� only 2 atoms in the left-hand side (more than 2: JD)
� only 1 atom in the right-hand side, no 9
� only one relation mentioned
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Inclusion dependencies

� FDs and MVDs can only express constraints (or
dependencies) that are local to a relation

� In practice, we want to express dependencies between
relations, in particular foreign keys

� The tuples of values of some attributes are included in the
values of other attributes (for example of another table)

� In SQL:
CREATE TABLE R1(

A INT, B VARCHAR(42), ...,
FOREIGN KEY (A,B) REFERENCES R2(X,Y) )

� Notation: R1[A;B] � R2[X;Y ]
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values of other attributes (for example of another table)

� In SQL:
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ID as logical dependencies

R = (A1; : : : An), S = (B1; : : : Bm); R[A1] � S[B2] can be
expressed as:

8a18a28a3 : : : 8an

R(a1; a2; a3; : : : ; an)) 9b19b3 : : : 9bm S(b1; a1; b3; : : : ; bm)

Such a formula is an instance of a TGD:

8x1 : : : 8xm '(x1 : : : xm) ) 9y1 : : : 9yp  (x1 : : : xm; y1; : : : ; yp)

IDs have the particularity of having:
� only 1 atom on the left-hand side
� only 1 atom on the right-hand side
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General chase

� The chase is not limited to FDs and MVDs
� In fact, it can be defined for an arbitrary set of TGDs and

EGDs, which goes beyond FDs, MVDs, JDs, and even IDs
� TGDs (and EGDs) are a fundamental research object,

beyond database constraints. Known in other communities
as existential rules [Baget et al., 2011], Datalog� [Calì
et al., 2010]

� The chase is a major tool, in practice and in theory, for
working with these objects
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Starting the chase

Let � be a set of TGDs and EGDs over a relational schema S.

Let � be a TGD or EGD. We want to determine �
?

j= �.

1. Create a database d over schema S whose tuples are the
atoms appearing in the left-hand side of � (or, more
specifically, the canonical database associated to the CQ
formed of the left-hand side of �)

2. Ensure that the variables shared between these atoms of �
have the same value in the initial database (and that
non-shared variables have distinct values).
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Chase
Repeat until reaching a fixed point:

1. For each EGD:
� If the CQ on the left-hand side is satisfied in the database,

enforce the equalities on the right-hand side on the values
in the database.

2. For each TGD:
� If the CQ on the left-hand side is satisfied in the database,

but not the one on the right-hand side, add to the database
the tuples implied by the right-hand side. For existentially
quantified variables, introduce new values (always fresh,
never used; we call them nulls).

At the fixed point (which we may fail to reach):

d j= � is equivalent to � j= �
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When do we have termination?

Theorem
If there is no existentially quantified variable in the
dependencies, the chase terminates.

Proof.
Since we cannot introduce new values, the chase can produce
only a bounded number of tuples.

Can be generalized to other settings: when TGDs do not
introduce cycles, or when they introduce only “nice” cycles
(e.g., weak acyclicity [Fagin et al., 2005]). But fails if we have
arbitrary FDs and IDs. In fact, implication of a dependency by
a collection of FDs and IDs is undecidable. [Chandra et al.,
1981]
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Why is the chase important?

Theorem ([Fagin et al., 2005])
The result of the chase is a universal model: all databases
satisfying the dependencies have a subinstance that is
homomorphic to the chase result. In other words, a CQ is
true on the chase result if and only if it is true on all
databases satisfying the dependencies.

� Note that the chase result is not unique (depends on the
application order), but works for any result

� When the chase does not terminate, it can still be useful:
e.g., we can sometimes restrict ourselves to a bounded
portion of the chase
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Proof idea: maintain a homomorphism along the chase

Consider a chase sequence (finite or infinite):

I0 ! I1 ! I2 ! � � � and I1 =
[

k�0

Ik:

Fix any instance J with J j= � and a homomorphism
h0 : I0 ! J .

Invariant. For every step Ik ! Ik+1 we can extend hk : Ik ! J

to some hk+1 : Ik+1 ! J .

Then define h =
S
k hk (well-defined on the union), yielding

h : I1 ! J .
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TGD step: extending the homomorphism

Suppose the chase applies a TGD

8�x
�
'(�x) ) 9�y  (�x; �y)

�

with a match � such that Ik j= '(�(�x)) but not yet
9�y  (�(�x); �y).

The chase adds fresh nulls �n and atoms  (�(�x); �n) to get Ik+1.

Since hk is a homomorphism, J j= '(hk(�(�x))). Because
J j= �, there exist witnesses �b in J with J j=  (hk(�(�x));�b).

Define hk+1 by extending hk and mapping each new null ni
to bi. Then hk+1 is a homomorphism Ik+1 ! J .
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EGD step: compatibility with identifications
Suppose the chase applies an EGD

8�x
�
'(�x) ) u = v

�

with a match � such that Ik j= '(�(�x)), forcing the
identification �(u) � �(v) in Ik+1.

Because hk is a homomorphism, J j= '(hk(�(�x))). Since
J j= �, we must have

hk(�(u)) = hk(�(v)):

Thus hk is consistent with the quotient that identifies �(u) and
�(v). So it factors through the identification and yields a
homomorphism hk+1 : Ik+1 ! J .

(If your chase detects an EGD contradiction on distinct
constants, then there is no solution J ; universality is vacuous.)
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Conclusion: universal model + CQ answering

By the two extension lemmas (TGD and EGD), the invariant
holds for every chase step. Taking the union at the limit gives a
homomorphism

h : Chase�(I0) ! J

for every J j= � with I0 ! J .

Therefore Chase�(I0) is universal.

CQ corollary.
� If Chase�(I0) j= q, then for every solution J , the

composition of homomorphisms gives J j= q.
� Conversely, if q is false on the chase, then the chase itself

provides a counterexample.



47/50

FD and MVD Chase of FD and MVD Generalization General chase References

Conclusion: universal model + CQ answering

By the two extension lemmas (TGD and EGD), the invariant
holds for every chase step. Taking the union at the limit gives a
homomorphism

h : Chase�(I0) ! J

for every J j= � with I0 ! J .

Therefore Chase�(I0) is universal.

CQ corollary.
� If Chase�(I0) j= q, then for every solution J , the

composition of homomorphisms gives J j= q.
� Conversely, if q is false on the chase, then the chase itself

provides a counterexample.



47/50

FD and MVD Chase of FD and MVD Generalization General chase References

Conclusion: universal model + CQ answering

By the two extension lemmas (TGD and EGD), the invariant
holds for every chase step. Taking the union at the limit gives a
homomorphism

h : Chase�(I0) ! J

for every J j= � with I0 ! J .

Therefore Chase�(I0) is universal.

CQ corollary.
� If Chase�(I0) j= q, then for every solution J , the

composition of homomorphisms gives J j= q.

� Conversely, if q is false on the chase, then the chase itself
provides a counterexample.



47/50

FD and MVD Chase of FD and MVD Generalization General chase References

Conclusion: universal model + CQ answering

By the two extension lemmas (TGD and EGD), the invariant
holds for every chase step. Taking the union at the limit gives a
homomorphism

h : Chase�(I0) ! J

for every J j= � with I0 ! J .

Therefore Chase�(I0) is universal.

CQ corollary.
� If Chase�(I0) j= q, then for every solution J , the

composition of homomorphisms gives J j= q.
� Conversely, if q is false on the chase, then the chase itself

provides a counterexample.



48/50

FD and MVD Chase of FD and MVD Generalization General chase References

Other applications
� Answering queries over all possible completions of a

database constrained by TGDs and EGDs [Calì et al.,
2003, 2012]; widely used in Semantic Web reasoning.

� Data integration [Lenzerini, 2002]: TGDs and EGDs
express the relations between two schemas, and we query a
dataset based on the dependencies and a dataset from the
other schema.

� Data exchange [Fagin et al., 2005, Onet, 2013]: TGDs and
EGDs express the relations between two schemas, and we
use the chase to generate the translation of a dataset into
the other schema.

� Recursive queries: TGDs can be used to define queries
with recursion (if no 9, this is exactly Datalog, see further
lecture). We can reason about the query + constraints
using the chase.
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