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Data complexity

Theorem
CQ evaluation is AC® in data complexity.

Proof.

CQs are a particular case of relational calculus queries. L]
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Combined complexity

Theorem
CQ evaluation 1s NP-complete in combined complezity.

Proof.
Membership in NP is easy. Hardness for NP can be proved by
reduction from graph 3-colorability. O
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a-acyclic query

A CQ can be seen as a hypergraph (vertices are variables,
hyperedges the atoms of the CQ), labeled by the relation
name)

A hypergraph H has a join tree where one can find a tree
whose nodes are labeled by the hyperedges of H and such
that:

® every hyperedge of H appears as the label of one node of
the tree;

® for every vertex z of 7, the set of tree nodes labeled by a
hyperedge referring to z is a connected subtree

® A query is a-acyclic if its hypergraph has a join tree

Can be obtained in linear time if it exists [Tarjan and
Yannakakis, 1984]
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Yannakakis’s algorithm [Yannakakis, 1981]

e Algorithm to evaluate acyclic queries (non-necessarily
Boolean):

1. Construct the join tree

2. Eliminate all useless tuples of a relation with the semijoin
operator x: R X S =IIg (R x S) by navigating twice in
the join tree: from bottom up, then from top down

3. Evaluate the query bottom up, by computing joins following
the tree and by projecting useless variables out as you go

e Polynomial complexity in the size of the query, the input,
and the output (combined complexity)
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Case of the conjunctive queries

e We consider conjunctive queries (CQ) of the form:
g(x) « Jy : Ri(z1) A+ A Ry(2zy)

where each z; is a tuple of variables among x and y, and
where each z; appears at least in one z;

e Set semantics: for all database D, ¢(D) is a finite set of
tuples

Conclusion
o
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Homomorphism

Definition
A homomorphism from a CQ ¢ to a CQ ¢’ is a function ¢ from
the variables x,y of g fo the variables x’,y’ of ¢’ such that:

* p(x) =%
e for every atom R(z;) of g, there exists an atom R(z) of ¢’
such that ¢(z;) = z.,

Definition

A homomorphism is an isomorphism if it is one-to-one and its
converse is a homomorphism.
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Instance associated to a query
Definition
For all conjunctive query
g(x) < Jy : Ri(z1) A--- A Rp(zn)

one can construct the instance associated to g, denoted I,
where the active domain is {a, | z € x Uy } and which is
formed of the n tuples R(a;,, ...z, ) for R(2;1,...,2;) atom of g
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Instance associated to a query

Definition
For all conjunctive query

g(x) < Jy : Ri(z1) A--- A Rp(zn)

one can construct the instance associated to g, denoted I,
where the active domain is {a, | z € x Uy } and which is
formed of the n tuples R(a;,, ...z, ) for R(2;1,...,2;) atom of g

Proposition
For all CQs g(x), ¢'(x’), there exists a homomorphism from g to
ql lﬁ (a’:c’lr T 70':09) S ‘I(Iq’)
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Homomorphism theorem

Theorem ([Chandra and Merlin, 1977))

For all CQs q, q', g C ¢’ iff there exists a homomorphism
from q' to q.
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Minimal query

Definition
A conjunctive query is minimal if it has a minimal number of
atoms among all equivalent conjunctive queries.
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Minimal query

Definition
A conjunctive query is minimal if it has a minimal number of
atoms among all equivalent conjunctive queries.

e Translation of a CQ to an algebra query: if there are n
atoms, we obtain 7 — 1 joins

® Joins are the most costly operations of the relational
algebra (bar cross products)

¢ Finding a minimal query amounts to global optimization

10/16



Complexity of Query Evaluation Static Analysis of Queries Conclusion
o]

0000

00000@000

Unicity of minimal query

Proposition ([Chandra and Merlin, 1977])

Let ¢ be a CQ. Then there exists a CQ ¢’ obtained by removing
atoms from g which is minimal.

Proof.
Consider a minimal query equivalent to g and apply the
homomorphism theorem. L]

Proposition ([Chandra and Merlin, 1977])

Let g, ¢’ be two equivalent minimal CQs. Then there exists an
isomorphism from q to ¢'.

Proof.
Apply the homomorphism theorem. The image by the
homomorphism is an equivalent minimal query. []
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Minimization algorithm

Apply the following procedure to minimize a query:
For every atom of the query, test if there exists an
equivalent query not containing this atom, and thus
1f there exists a homomorphism sending this atom to
another atom of the query. If so, delete it, and con-
tinue until obtaining an equivalent minimal query.
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Complexity issues

Proposition

The following problems are NP-complete:
e given two CQs ¢, ¢’, determine whether ¢ C ¢’
e given two CQs g, ¢’, determine whether ¢ = ¢’

e given a CQ g, determine if g is non-minimal

Proof.

NP-hardness is by reduction from 3-colorability, as for
combined complexity of query evaluation. Membership in NP is
direct. O
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Complexity issues

Proposition

The following problems are NP-complete:
e given two CQs ¢, ¢’, determine whether ¢ C ¢’
e given two CQs g, ¢’, determine whether ¢ = ¢’

e given a CQ g, determine if g is non-minimal

Proof.

NP-hardness is by reduction from 3-colorability, as for
combined complexity of query evaluation. Membership in NP is
direct. O

NP-hard... in the queries. Queries may be small enough so
that an exponential algorithm may not be an issue.
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Bag semantics
[Chaudhuri and Vardi, 1993]

® In practice, RDBMSs implement a bag semantics

e Two queries in bag semantics are equivalent if and only if
they are isomorphic (intuitively, because two similar but
non isomorphic queries can introduce a different number of
results)

® Query containment: I[1F-hard claimed (but not proved).
Decidability (and precise complexity if decidable): open!
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