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Let 𝑅 be a relation schema and Σ a set of functional and multi-valued
dependencies on 𝑅.

The Chase is an algorithm that solves the decision problem of whether
a functional or multi-valued dependency 𝜎 is implied by Σ in 𝑅:

Σ
?

|= 𝜎

In other words:

∀𝑟 instance of 𝑅 𝑟 |= Σ
?

=⇒ 𝑟 |= 𝜎
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1. {{𝐴} →→ {𝐵,𝐶}, {𝐷} → {𝐶}}
?

|= {𝐴} → {𝐶}

2. {{𝐴} →→ {𝐵}, {𝐵} →→ {𝐶}}
?

|= {𝐴} →→ {𝐶}

3. {{𝐴} →→ {𝐵,𝐶}, {𝐶,𝐷} → {𝐵}}
?

|= {𝐴} → {𝐵}
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{{𝐴} →→ {𝐵,𝐶}, {𝐷} → {𝐶}}
?

|= {𝐴} → {𝐶}

Create an instance 𝑟 on the schema {𝐴,𝐵,𝐶,𝐷} with two tuples and
distinct values for all attributes.

A B C D

𝑎1 𝑏1 𝑐1 𝑑1

𝑎2 𝑏2 𝑐2 𝑑2
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{{𝐴} →→ {𝐵,𝐶}, {𝐷} → {𝐶}}
?

|= {𝐴} → {𝐶}

We want to chase {𝐴} → {𝐶}.
Make the 𝐴-values the same.

𝑎1 = 𝑎2

A B C D

𝑎1 𝑏1 𝑐1 𝑑1

𝑎1 𝑏2 𝑐2 𝑑2
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{{𝐴} →→ {𝐵,𝐶}, {𝐷} → {𝐶}}
?

|= {𝐴} → {𝐶}

Use {𝐴} →→ {𝐵,𝐶}. Create two new tuples by copying the two tuples
that have the same 𝐴-value but swapping their values for {𝐵,𝐶}. The
multi-valued dependency generates tuples. It is a tuple-generating
dependency.

A B C D

𝑎1 𝑏1 𝑐1 𝑑1

𝑎1 𝑏2 𝑐2 𝑑2

𝑎1 𝑏2 𝑐2 𝑑1

𝑎1 𝑏1 𝑐1 𝑑2
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{{𝐴} →→ {𝐵,𝐶}, {𝐷} → {𝐶}}
?

|= {𝐴} → {𝐶}

Use {𝐷} → {𝐶}. For each pair of tuple with the same 𝐷-value, make
their 𝐶-value the same: 𝑐1 = 𝑐2 The functional dependency generates
values. It is an equality-generating dependency.

A B C D

𝑎1 𝑏1 𝑐1 𝑑1

𝑎1 𝑏2 𝑐1 𝑑2

𝑎1 𝑏2 𝑐1 𝑑1

𝑎1 𝑏1 𝑐1 𝑑2



10 / 43 Licence de droits d’usagePierre Senellart

4 February 2016

{{𝐴} →→ {𝐵,𝐶}, {𝐷} → {𝐶}}
?

|= {𝐴} → {𝐶}

There is nothing else to do. We observe that 𝑟 satisfies {𝐴} → {𝐶}.

𝑟 |= {𝐴} → {𝐶}

Therefore the answer is yes.

A B C D

𝑎1 𝑏1 𝑐1 𝑑1

𝑎1 𝑏2 𝑐1 𝑑2

𝑎1 𝑏2 𝑐1 𝑑1

𝑎1 𝑏1 𝑐1 𝑑2
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𝑟 also satisfies {𝐷} → {𝐴} but this is a coincidence. We can only
answer the question about {𝐴} → {𝐶}.
Another chase would be needed for {𝐷} → {𝐴}.

A B C D

𝑎1 𝑏1 𝑐1 𝑑1

𝑎1 𝑏2 𝑐1 𝑑2

𝑎1 𝑏2 𝑐1 𝑑1

𝑎1 𝑏1 𝑐1 𝑑2
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𝑅 = {𝐴,𝐵,𝐶,𝐷}

{{𝐴} →→ {𝐵}, {𝐵} →→ {𝐶}}
?
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A B C D
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𝑅 = {𝐴,𝐵,𝐶,𝐷}

{{𝐴} →→ {𝐵}, {𝐵} →→ {𝐶}}
?

|= {𝐴} →→ {𝐶}

Use {𝐵} →→ {𝐶} (twice).

A B C D

𝑎1 𝑏1 𝑐1 𝑑1

𝑎1 𝑏2 𝑐2 𝑑2

𝑎1 𝑏2 𝑐1 𝑑1

𝑎1 𝑏1 𝑐2 𝑑2

𝑎1 𝑏1 𝑐2 𝑑1

𝑎1 𝑏1 𝑐1 𝑑2

𝑎1 𝑏2 𝑐1 𝑑2

𝑎1 𝑏2 𝑐2 𝑑1
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There is nothing else to do.

𝑟 |= {𝐴} →→ {𝐶}

Therefore the answer is yes

A B C D

𝑎1 𝑏1 𝑐1 𝑑1

𝑎1 𝑏2 𝑐2 𝑑2

𝑎1 𝑏2 𝑐1 𝑑1

𝑎1 𝑏1 𝑐2 𝑑2

𝑎1 𝑏1 𝑐2 𝑑1

𝑎1 𝑏1 𝑐1 𝑑2

𝑎1 𝑏2 𝑐1 𝑑2

𝑎1 𝑏2 𝑐2 𝑑1
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{{𝐴} →→ {𝐵,𝐶}, {𝐶,𝐷} → {𝐵}}
?

|= {𝐴} → {𝐵}

A B C D

𝑎1 𝑏1 𝑐1 𝑑1

𝑎2 𝑏2 𝑐2 𝑑2
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{{𝐴} →→ {𝐵,𝐶}, {𝐶,𝐷} → {𝐵}}
?

|= {𝐴} → {𝐵}

Use {𝐴} →→ {𝐵,𝐶}.

A B C D

𝑎1 𝑏1 𝑐1 𝑑1

𝑎1 𝑏2 𝑐2 𝑑2

𝑎1 𝑏2 𝑐2 𝑑1

𝑎1 𝑏1 𝑐1 𝑑2
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There is nothing else to do.

𝑟 ̸|= {𝐴} → {𝐵}

Therefore the answer is No

A B C D

𝑎1 𝑏1 𝑐1 𝑑1

𝑎1 𝑏2 𝑐2 𝑑2

𝑎1 𝑏2 𝑐2 𝑑1

𝑎1 𝑏1 𝑐1 𝑑2

We have built a counter-example.



20 / 43 Licence de droits d’usagePierre Senellart

4 February 2016

Chasing FDs and MVDs
Three Examples
The Algorithm
Application

The Relational Calculus, EGDs, TGDs

Inclusion Dependencies (IDs)

The General Chase

To Go Further



21 / 43 Licence de droits d’usagePierre Senellart

4 February 2016

The chase is a very powerful tool: it can be used to prove that a
functional or multi-valued dependency is satisfied!

Theorem ([Maier et al., 1979])
The chase of FDs and MVDs terminates after a finite number of
operations, and always builds a counter example if and only if
such an example exists.

Why? We will see this is an instance of a much more general result.
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Let Σ be a set of functional and multi-valued dependencies on a
relation schema 𝑅. Let 𝜎 be a functional or multi-valued dependency.

𝜎 = 𝑋 → 𝑌 or 𝜎 = 𝑋 →→ 𝑌

1. Create a table 𝑟 with schema 𝑅 with two tuples with all different
values.

2. For each 𝐴 ∈ 𝑋, make the 𝐴-values the same (choosing new and
different values for each 𝐴, though).
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Repeat the following until you reach a fixed point (nothing changes):
1. For each functional dependency 𝑍 → 𝑉 ∈ Σ:

If there are tuples in the table with same 𝑍-value, then set their
𝑉 -values to be the same.

2. For each multi-valued dependency 𝑍 →→ 𝑉 ∈ Σ:
If there are two tuples in the table with same 𝑍-value, then add two
new tuples with all the same values except for their 𝑉 -values that
are swapped.

On termination (which always happens):

𝑟 |= 𝜎 is equivalent to Σ |= 𝜎

You simply need to check whether or not 𝑟 satisfies the functional or
multi-valued dependency 𝜎 that you were chasing.
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Recall that on a relation schema 𝑅 = 𝑋 ∪ 𝑌 ∪𝑍 with 𝑋, 𝑌 , 𝑍 distinct,
a MVD 𝑋 →→ 𝑌 holds in 𝑟 iff:

𝜋𝑋∪𝑌 (𝑟) ◁▷ 𝜋𝑋∪𝑍(𝑟) = 𝑟

This means MVDs can be used to test if a relation schema
𝑅 = 𝑋 ∪ 𝑌 ∪𝑍 (satisfying a set of dependencies Σ) can be decomposed
into two relations 𝑅1 = 𝑋 ∪ 𝑌 and 𝑅2 = 𝑋 ∪ 𝑍 in a lossless manner:

Use the chase to decide whether Σ
?

|= 𝑋 →→ 𝑌

(or, equivalently, Σ
?

|= 𝑋 →→ 𝑍)
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Logical formalism to represent queries

Can be also used to represent dependencies (FDs, MVDs, and
beyond)

Basically: First-order logic with relation symbols

Codd’s theorem: the relational calculus has the same expressive
power as the relational algebra

SQL is actually closer to the relational calculus than to the
relational algebra

Two variants: tuple calculus and domain calculus; we focus on
domain calculus
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Let 𝑆 = {𝑅1, . . . , 𝑅𝑛} be a relational schema, i.e., a set of relation
schemas. Each relation schema 𝑅𝑖 is a sequence of attributes
(𝐴𝑖1, . . . , 𝐴𝑖𝑘) (not just a set).
A query is of the form 𝑄(𝑥1, . . . , 𝑥𝑛) = 𝜑(𝑥1, . . . , 𝑥𝑛) where 𝜑 is an
arbitrary first-order formula with free variables 𝑥1 . . . 𝑥𝑛, using the
following constructs:

¬, ∨, ∧, ⇒, ⇔: Boolean connectors

∃𝑥, ∀𝑦: quantifiers

𝑅𝑖(𝑧1, . . . , 𝑧𝑘): fact, to be read “the tuple (𝑧1, . . . , 𝑧𝑘) is in the
relation 𝑅𝑖”

𝑧𝑝 = 𝑧𝑘: equality between two variables
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𝑆 = {Course, Student,Registered}
Course = (cid, title), Student = (sid, fname, lname),
Registered = (rcid, rsid, year),

SELECT fname, lname
FROM Course, Student, Registered
WHERE cid=rcid AND sid=rsid

AND year=2016 AND title='Databases'

𝜋fname,lname(𝜎title=‘Databases’(Course) ◁▷cid=rcid

𝜎year=2016(Registered) ◁▷rsid=sid Student)

𝑄(𝑓, 𝑙) = ∃𝑐, 𝑠 Course(𝑐, ‘Databases’) ∧

Student(𝑠, 𝑓, 𝑙) ∧ Registered(𝑐, 𝑠, 2016)
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𝑅 = (𝐴1, . . . 𝐴𝑛); {𝐴1} → {𝐴2𝐴3} can be expressed as:

∀𝑎1∀𝑎2∀𝑎3 . . . ∀𝑎𝑛∀𝑎
′

2∀𝑎
′

3 . . . ∀𝑎
′

𝑛

𝑅(𝑎1, 𝑎2, 𝑎3, 𝑎4, . . . , 𝑎𝑛)∧𝑅(𝑎1, 𝑎
′

2, 𝑎
′

3, 𝑎
′

4, . . . , 𝑎
′

𝑛) =⇒ 𝑎2 = 𝑎′2∧𝑎3 = 𝑎′3

Such a formula is an instance of a more general formula of the form

∀𝑥1 . . . ∀𝑥𝑚 𝜑(𝑥1 . . . 𝑥𝑚)⇒ 𝜓(𝑥1 . . . 𝑥𝑚)

where 𝜑(𝑥1 . . . 𝑥𝑚) is a conjunction of facts using variables 𝑥1 . . . 𝑥𝑚
and 𝜓(𝑥1 . . . 𝑥𝑚) is a conjunction of equalities using variables 𝑥1 . . . 𝑥𝑚.
Such formulas are called equality-generating dependencies (EGDs).
FDs have the particularity of having:

only 2 facts on the left-hand side
only 1 relation mentioned
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and 𝜓(𝑥1 . . . 𝑥𝑚, 𝑦1, . . . , 𝑦𝑝) is a conjunction of facts using variables
𝑥1 . . . 𝑥𝑚 and 𝑦1 . . . 𝑦𝑝.
Such formulas are called tuple-generating dependencies (TGDs).
MVDs have the particularity of having:

only 2 facts on the left-hand side (more than 2: JDs)
only 1 facts on the right-hand side, no ∃
only 1 relation mentioned
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FDs and MVDs are only able to express constraints (or
dependencies) local to a relation

In practice, one wants to express dependencies across relations, in
particular foreign key constraints

The tuples of values of some attributes are included in the values
of some other attributes (possibly in some other table)

In SQL:
CREATE TABLE R1(

A INT, B VARCHAR(42), ...,
FOREIGN KEY (A,B) REFERENCES R2(C,D) )

Notation: 𝑅1[𝐴,𝐵] ⊆ 𝑅2[𝐶,𝐷]
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𝑅 = (𝐴1, . . . 𝐴𝑛), 𝑆 = (𝐵1, . . . 𝐵𝑚); 𝑅[𝐴1] ⊆ 𝑆[𝐵2] can be expressed as:

∀𝑎1∀𝑎2∀𝑎3 . . . ∀𝑎𝑛

𝑅(𝑎1, 𝑎2, 𝑎3, . . . , 𝑎𝑛) =⇒ ∃𝑏1∃𝑏3 . . . ∃𝑏𝑚 𝑆(𝑏1, 𝑎1, 𝑏3, . . . , 𝑏𝑚)

Such a formula is an instance of a tuple-generating dependency:

∀𝑥1 . . . ∀𝑥𝑚 𝜑(𝑥1 . . . 𝑥𝑚)⇒ ∃𝑦1 . . . ∃𝑦𝑝 𝜓(𝑥1 . . . 𝑥𝑚, 𝑦1, . . . , 𝑦𝑝)

IDs have the particularity of having:

only 1 fact on the left-hand side

only 1 fact on the right-hand side
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The chase is not limited to FDs and MVDs

In fact, it can be defined for an arbitrary set of TGDs and EGDs,
which goes far beyond FDs, MVDs, JDs, and even IDs

TGDs (+ EGDs) are a fundamental object of study in their own
right, beyond the setting of database design. Known in other
communities as existential rules [Baget et al., 2011], Datalog±

[Calì et al., 2010]

The chase is a major practical and theoretical tool to work with
these objects
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Let Σ be a set of TGDs and EGDs on a relational schema 𝑆. Let 𝜎 be
a TGD or EGD.

1. Create a database 𝑑 with schema 𝑆 with tuples the tuples
appearing on the left-hand side of 𝜎.

2. Make sure shared variables across tuples also have the same value
in the initial database.



37 / 43 Licence de droits d’usagePierre Senellart

4 February 2016

Let Σ be a set of TGDs and EGDs on a relational schema 𝑆. Let 𝜎 be
a TGD or EGD.

1. Create a database 𝑑 with schema 𝑆 with tuples the tuples
appearing on the left-hand side of 𝜎.

2. Make sure shared variables across tuples also have the same value
in the initial database.



38 / 43 Licence de droits d’usagePierre Senellart

4 February 2016

Repeat the following until you reach a fixed point (nothing changes):
1. For each EGD:

If there is a match of the left-hand side on the database, impose the
equalities from the right-hand side on the values of the database.

2. For each TGD:
If there is a match of the left-hand side on the database but not of
the right-hand side, add to the database the tuples indicated by the
right-hand side. For existentially quantified variables, introduce
new values (always fresh, never used before).

On termination (which is not guaranteed to happen):

𝑟 |= 𝜎 is equivalent to Σ |= 𝜎
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Theorem
If there are no existentially quantified variables in any
dependency, the chase terminates

Proof.
Since no new values are introduced, there is a bounded number of
tuples that can be produced by the chase!

Can be generalized to other settings: when the TGDs do not introduce
cycles, or when they introduce only “nice” cycles (e.g., weak acyclicity
[Fagin et al., 2005]). But fails if we have arbitrary FDs and IDs.
Indeed, implication of a dependency by a collection of FDs and IDs is
undecidable. [Chandra et al., 1981]
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Theorem ([Fagin et al., 2005])
The result of the chase is a universal model: all databases that
satisfy the dependencies have a subinstance that can be mapped to
the chase. Said differently, a conjunction of facts is true on the
chase if and only if it is true on all databases that satisfy the
dependencies.

Note that the result of the chase is not unique (depends on order
of application), but works for any result

When the chase does not terminate, it can still be useful: e.g., in
some circumstances, it is enough to consider a
bounded portion of the chase
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Answer queries on all possible completions of a database under a
set of TGDs and EGDs [Calì et al., 2003, 2012]

Data integration [Lenzerini, 2002]: TGDs and EGDs express the
relationships between two schemas, and one performs query
answering on one dataset based on the dependencies and a dataset
in the other schema

Data exchange [Fagin et al., 2005, Onet, 2013]: TGDs and EGDs
express the relationships between two schemas, and one uses the
chase to generate the translation of a dataset in the other schema
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The original paper about the chase [Maier et al., 1979]

Chapters 8 to 11 of [Abiteboul et al., 1995], textbook reference

The general chase, a modern view: [Fagin et al., 2005]
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La licence confère à l’utilisateur un droit d’usage sur le document consulté ou téléchargé, totalement ou en partie, dans les conditions définies ci-après et à
l’exclusion expresse de toute utilisation commerciale.
Le droit d’usage défini par la licence autorise un usage à destination de tout public qui comprend :
– le droit de reproduire tout ou partie du document sur support informatique ou papier,
– le droit de diffuser tout ou partie du document au public sur support papier ou informatique, y compris par la mise à la disposition du public sur un
réseau numérique,
– le droit de modifier la forme ou la présentation du document,
– le droit d’intégrer tout ou partie du document dans un document composite et de le diffuser dans ce nouveau document, à condition que :
– L’auteur soit informé.

Les mentions relatives à la source du document et/ou à son auteur doivent être conservées dans leur intégralité.

Le droit d’usage défini par la licence est personnel et non exclusif.
Tout autre usage que ceux prévus par la licence est soumis à autorisation préalable et expresse de l’auteur : sitepedago@telecom-paristech.fr
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