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Complexity of an Object
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B When do you know something is random?

—5. 1l
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B When do you know something is random?

igMIrobability Theory) When it is the outcome of a random process
(e.g., i.i.d. uniform draws of 0,1).
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___ m When do you know something is random?
igmu‘robability Theory) When it is the outcome of a random process
(e.g., i.i.d. uniform draws of 0,1).
= (Statistics) When it looks random.
B We play coin tossing. Heads is 0, tails is 1. Are the following

outcomes random?
11000000 .
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B When do you know something is random?

igmu‘robabﬂity Theory) When it is the outcome of a random process
(e.g., i.i.d. uniform draws of 0,1).
= (Statistics) When it looks random.

B We play coin tossing. Heads is 0, tails is 1. Are the following

outcomes random?
11000000 .

= (Probability theory) Yes! It has the same probability
as every other possibility.

= (Statistics) No! Way too many 1’s. It does not have
the frequencies expected from a random draw.
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___ m When do you know something is random?
igmu‘robabﬂity Theory) When it is the outcome of a random process
(e.g., i.i.d. uniform draws of 0,1).
= (Statistics) When it looks random.

B We play coin tossing. Heads is 0, tails is 1. Are the following

outcomes random?
11000000 .

= (Probability theory) Yes! It has the same probability
as every other possibility.

= (Statistics) No! Way too many 1’s. It does not have
the frequencies expected from a random draw.

1101110010111011110001001 ... (Champernowne constant):
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___ m When do you know something is random?
igmu‘robabﬂity Theory) When it is the outcome of a random process
(e.g., i.i.d. uniform draws of 0,1).
= (Statistics) When it looks random.
B We play coin tossing. Heads is 0, tails is 1. Are the following
outcomes random?
11000000 .

= (Probability theory) Yes! It has the same probability
as every other possibility.

= (Statistics) No! Way too many 1’s. It does not have
the frequencies expected from a random draw.

1101110010111011110001001 ... (Champernowne constant):

= (Probability theory) Yes! It has the same probability
as every other possibility.

= (Statistics) Yes! This is a normal number.
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-g§ma message formed of 1,000,000 bits. No prior on this

message. Can I compress it? I don’t have any prior on bit-level or
message-level probabilities.

April 22, 2026
TELECOM
— oS ParisTech
/ ;) =
cy e @ Licence de droits d’ EEEE



-%§ma message formed of 1,000,000 bits. No prior on this

message. Can I compress it? I don’t have any prior on bit-level or
message-level probabilities.

® (Shannon’s Entropy) Then your message has entropy 1,000, 000
bits and you can’t compress it!
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.g§ma message formed of 1,000,000 bits. No prior on this

message. Can I compress it? I don’t have any prior on bit-level or
message-level probabilities.
® (Shannon’s Entropy) Then your message has entropy 1,000, 000

bits and you can’t compress it!
11000000

B Really? Even if my message is
constant?

or the Champernowne
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.g§ma message formed of 1,000,000 bits. No prior on this

message. Can I compress it? I don’t have any prior on bit-level or
message-level probabilities.

® (Shannon’s Entropy) Then your message has entropy 1,000, 000
bits and you can’t compress it!

11000000

B Really? Even if my message is or the Champernowne

constant?

® (Shannon’s Entropy) Yup, nothing special in this particular
message, it has the same probability as any other message under

your prior.
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ﬁg % 0 and the Champernowne constant are inherently simple
ecause they can be described much more compactly than their
size (true even if we consider the infinite versions of these
sequences!)

B First attempt: the intrinsic complexity of an object is the shortest
English sentence that describes this object
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ﬁg% 0 and the Champernowne constant are inherently simple

ecause they can be described much more compactly than their
size (true even if we consider the infinite versions of these
sequences!)

B First attempt: the intrinsic complexity of an object is the shortest
English sentence that describes this object

B Not an effective description! English is ambiguous, and allows
expressing very complex notions, how can I go from an English
sentence to the corresponding object?

B Berry paradox: “the smallest positive integer not definable in
fewer than twelve words”

B Why English? Seems like an arbitrary choice
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Egm‘ls can always be seen as a sequence of bits (e.g., finite
o ce for integers or character strings, infinite for reals), i.e., an
element of X = {0, 1}".

® Representations (e.g., English language sentences) can always be
seen as finite sequence of bits
® Looking for a function f :{0,1}* — X such that:

= f is effective: given z, one can compute f(z) (or enumerate the bits
of f(z) if z is finite) in a mechanical manner

= f is generic: no dependency on an arbitrary choice

= f is universal: all objects X “worth describing” (all finite sequences,
and interesting infinite sequences) are in f({0,1}*)

« f has compact representations, i.e., Cy(y) = mingego,1)~ £(z) as

f(=)=y
small as possible; C(y) minimum-length description of y for f
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Introduction to Computability
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—5:1 1 I | | |
B Computation model: one particular function from a representation
in {0,1}* to an element of X

Theorem
A gwen computation model cannot have for range all possible
objects of X.
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u omputation model: one particular function from a representation

in {0,1}* to an element of X

Theorem

A gwen computation model cannot have for range all possible
objects of X.

Proof.
® Countably many finite sequences in {0, 1}*

® Uncountably many possible objects in {0, 1}" O]
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Turing machine: transitions describing the actions of
a read/write head on an infinite tape

(Alan M. Turing)
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Turing machine: transitions describing the actions of
a read/write head on an infinite tape

(Alan M. Turing)

4

i A-calculus: definition and application of recursive
i functions (inspiration of functional programming lan-

guages)

(Alonzo Church)
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Turing machine: transitions describing the actions of
a read/write head on an infinite tape

(Alan M. Turing)

A-calculus: definition and application of recursive

i functions (inspiration of functional programming lan-
guages)

(Alonzo Church)

Recursive functions: functions definable by a set of
operations (constants, recursion, composition, etc.)

(Stephen C. Kleene)
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Turing machine: transitions describing the actions of
a read/write head on an infinite tape

(Alan M. Turing)

A-calculus: definition and application of recursive

‘ functions (inspiration of functional programming lan-
guages)

(Alonzo Church)

Recursive functions: functions definable by a set of
operations (constants, recursion, composition, etc.)

Von Neumann machines: code reading and writing the
value of registers (variables) in an arbitrary order

(John von Neumann)
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i
Theorem

All computation models from the previous slide are equivalent, t.e.,
can represent the same objects.
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i
Theorem

All computation models from the previous slide are equivalent, i.e.,
can represent the same objects.

Thesis (Church-Turing)

These computation models exactly define the objects that a human
brain, or that nature, are able to compute.
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Turing Machines
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-Aﬁgmlnistic) Turing machine on the alphabet I'{0, 1, 1 } where L
is a blank symbol, is defined by:

B a finite set of states @
B an initial state gp € @ and a set of final states FF C Q

® a (partial) transition function: § : Q X I' = Q@ X I' x {+-, =}
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.Aﬁgmlnistic) Turing machine on the alphabet I'{0, 1, 1 } where L
is a blank symbol, is defined by:

B a finite set of states @
B an initial state gp € @ and a set of final states FF C Q

® a (partial) transition function: § : Q X I' = Q@ X I' x {+-, =}

A transition (g, a) — (¢',a/, +) is read:
When the machine s in state ¢ and reads symbol o on the
read/write head, it goes into state ¢', writes symbol o' and
moves the read/write head to the left.
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__A configuration of a Turing machine is:
2

® the position of the head on the tape

ite tape content (with infinitely many L left and right)

® a current state ¢ € Q
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__A configuration of a Turing machine is:
2

® the position of the head on the tape

ite tape content (with infinitely many L left and right)

® a current state ¢ € Q

L fu ] Jum] L] ]

Initial configuration for 4 = u1 ... uy,
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__A configuration of a Turing machine is:
2

® the position of the head on the tape

ite tape content (with infinitely many L left and right)

® a current state ¢ € Q

L fu ] Jum] L] ]

Initial configuration for 4 = u1 ... uy,

The result T'(u) of the computation of the Turing machine T on u is
the content of the tape (say, disregarding blanks) once the Turing
machine reaches a final state gr € F' starting from the initial
configuration for u and following the transitions.
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__Le %ﬁ ﬁl binary representation n; 1m; 2..mp (n = Eéc;lo ne2F).
1

g, 05,0%, 4%, 0, dec, Qw, O}, G0 = @74, F = {g5}
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é.e § bingry representation n;_1n;_3...ng (n = Zéc;lo nka).
@j 48,95, 9%, 0%, 9 s Gdecy Qws G}, 90 = g4, F = {at}

0 1 1L
qi® g®,ne,— k>0
q(lJn qs, Mo, —

5. T @02 elLo Lo

) - 9-,0,— q—,0,
a @, 1,—  go,1,«

g 9,0, g, 1,« quC:J-:<_
Qdec qd9071,(_ Qs,oy—> qW7J—7_)
gw  qw,L,— g, L, —
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é.e § bingry representation n;_1n;_3...ng (n = Zéc;lo nka).
@j 48,95, 9%, 0%, 9 s Gdecy Qs G}, 90 = 9171, F = {gt}

0 1 1L
qi® ¢® ,ne,— k>0
q(lJn qs, Mo, —

5. T @02 elLo Lo

) - 9-,0,— q—,0,
a @, 1,—  go,1,«

g 9,0, g, 1,« quC:J-:<_
Qdec qd9071,(_ Qs,oy—> qW7J—7_)

qw  gw,Ll,— g, L,—

[ fa L fafaf e fafafi]-]

n =2
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é.e § bingry representation n;_1n;_3...ng (n = Zéc;lo nka).
@j 48,95, 9%, 0%, 9 s Gdecy Qws G}, 90 = g4, F = {at}

0 1 1L
qi® g®,ne,— k>0
q(lJn qs, Mo, —

5. T @02 elLo Lo

) - 9-,0,— q—,0,
a @, 1,—  go,1,«

g 9,0, g, 1,« quC:J-:<_
Qdec qd9071,(_ Qs,oy—> qW7J—7_)

qw  gw,Ll,— g, L,—

[ fafafofaffofafef-]

n =2
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é.e § bingry representation n;_1n;_3...ng (n = Zéc;lo nka).
@j 48,95, 9%, 0%, 9 s Gdecy Qws G}, 90 = g4, F = {at}

0 1 1
qi® g®,ne,— k>0
q(lJn qs, Mo, —
g  ¢,0,— g, 1,—» ¢%, 1 —
81 g0 gL,0,- ge,0,
a @, 1,—  go,1,«

g 9,0, g, 1,« quC:J-:<_
Qdec qd9071,(_ Qs,oy—> qW7J—7_)

qw  gw,Ll,— g, L,—

[ [afafoafefofafif]
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é.e § bingry representation n;_1n;_3...ng (n = Zéc;lo nka).
@j 48,95, 9%, 0%, 9 s Gdecy Qws G}, 90 = g4, F = {at}

0 1 1L
qi® g®,ne,— k>0
q(lJn qs, Mo, —

5. T @0 elLo gl

) - 9-,0,— q—,0,
a @, 1,—  go,1,«

g 9,0, g, 1,« quC:J-:<_
Qdec qd9071,(_ Qs,oy—> qW7J—7_)

qw  gw,Ll,— g, L,—

[ [afafoafLfofafif-]

n =2
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é.e § bingry representation n;_1n;_3...ng (n = Zéc;lo nka).
@j 48,95, 9%, 0%, 9 s Gdecy Qws G}, 90 = g4, F = {at}

0 1 1L
qi® g®,ne,— k>0
q(lJn qs, Mo, —

5. T @02 elLo Lo

) - 9-,0,— q—,0,
a @, 1,—  go,1,«

g 9,0, g, 1,« quC7J-7(_
Qdec qd9071,(_ Qs,oy—> qW7J—7_)

qw  gw,Ll,— g, L,—

[ [afafofafofrfafi]]
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é.e § bingry representation n;_1n;_3...ng (n = Zéc;lo nka).
@j 48,95, 9%, 0%, 9 s Gdecy Qws G}, 90 = g4, F = {at}

0 1 1L
qi® g®,ne,— k>0
q(lJn qs, Mo, —

5. T @02 elLo Lo

) - 9-,0,— q—,0,
a @, 1,—  go,1,«

g 9,0, g, 1,« quC:J-:<_
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qw  gw,Ll,— g, L,—

[ [afafofafofifafi]-]
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é.e § bingry representation n;_1n;_3...ng (n = Zéc;lo nka).
@j 48,95, 9%, 0%, 9 s Gdecy Qws G}, 90 = g4, F = {at}

0 1 1L
qi® g®,ne,— k>0
q(lJn qs, Mo, —

5. T @02 elLo Lo

) - 9-,0,— q—,0,
a @, 1,—  go,1,«

g 9,0, g, 1,« quC:J-:<_
Qdec qd9071,(_ q5y074) qW7J—7_)

qw  gw,Ll,— g, L,—

[ fafafafafofifafif]

n=2
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é.e § bingry representation n;_1n;_3...ng (n = Zéc;lo nka).
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0 1 1
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é.e § bingry representation n;_1n;_3...ng (n = Zéc;lo nka).
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0 1 1
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n =2
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é.e § bingry representation n;_1n;_3...ng (n = Zéc;lo nka).
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B Often convenient to have a prefix-free encoding of arbitrary

ig%'ve) integers, to allow their use in a code of a more complex
object

B For a positive integer k, let k be the binary representation of k
without initial 1.

B One defines the following family of codes for positive integers:

Eo(k) == 01

El(k) = Ei_l(Llog kJ )k
B For example, for k = 9:

1

E;i(k)

N = O

0000000001
0001001
0011001
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___ ® Often convenient to have a prefix-free encoding of arbitrary
ig%'ve) integers, to allow their use in a code of a more complex
object
B For a positive integer k, let k be the binary representation of k
without initial 1.
B One defines the following family of codes for positive integers:

Eo(k) == 01

El(k) = Ei_l(Llog kJ)k 1>0
B For example, for k = 9:

v Bik) = ((Bo(k) =k +1,

0 0000000001 {(Eq(K)) = 2[logk] + 1,

1 0001001 {(Eo(k)) = 2[log|log k] + |log k] + 1
2 0011001
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—5.4 1l

B Turing machines so far only compute finite sequences

B A Turing machine T computes an infinite sequence ¥ on input z if
and only if for all k € N*, T'(E»(k)z) is the k-bit prefix of y.
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Egi Si ‘I07F 5
] m [log |Q|], r the size of the domain of §, f = |F|.

m We encode each state of @ as e(Q@), an s-bit string.

®m We encode each tabe symbol vy of I" as e(y), a 2-bit string.
® We encode a € {+,—} as e(a), a 1-bit string.

® We enumerate rules of 6 : @ xI' = Q@ x I' x {«—, =} as

(‘11:’)’1,‘1/1,’)’1,011) R (Qr;’)’r,Q;«,’)’;; Ol‘,s).

® We encode T as:
E(T) = E1(s)Er(r)Ev(f)e(qr)e(m)e(g)e(vi)e(o) - -
( ) ( ) ( ) ( /)e(ar)e(Qfl)...e(qff):C

with conventionally E(qo) = 0° and F = {gf,, ..., ¢}
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=§§ Si ‘I07F 5
] m [log |Q|], r the size of the domain of §, f = |F|.

m We encode each state of @ as e(Q@), an s-bit string.

®m We encode each tabe symbol vy of I" as e(y), a 2-bit string.
® We encode a € {+,—} as e(a), a 1-bit string.

® We enumerate rules of 6 : @ xI' = Q@ x I' x {«—, =} as

(‘11:’)’1,‘1/1,’)’1,011) ---(Qr;’)’r,Q;«,’)’;;ar)-
m We encode T as:

E(T) = Ev(s)B1(r)Ev(f)e(gr)e(r1)e(g)e(v1)e(on) - ..
e(gr)e(r)e(ar)e(v;)e(ar)e(gs ) - - - e(ge) = ¢
with conventionally E(qo) = 0° and F = {gf,, ..., ¢}
B {(E(T)) <r(2s+5)+2log(rsf)+ fs+3
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—5:4 fii
n=2 |Q|=9,s=4, f=1,r=17
What does the encoding of T' look like?
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—5:4 i
n=2 |Q|=9,s=4, f=1,r=17
What does the encoding of T' look like?

General case |@Q| = [log(n)] + 7, s = O(loglogn), r = |log(n)| + 16,
f=1
L(E(T)) = O(logn x loglogn)
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—5i fii
Proposition

There exists a Turing machine Topecx Such that Tohek(z) =1 if
s of the form E(T) for any Turing machine T, and 0 otherwise.
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—5i fii
Proposition

There exists a Turing machine Topecx Such that Tohek(z) =1 if
s of the form E(T) for any Turing machine T, and 0 otherwise.

Proposition
There exists a Turing machine U such that, for all Turing
machines T' and finite sequences z, U(E(T)z) = T'(z).

U is called a universal Turing machine.
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—5. 1l

Proposition (Turing)

There is no Turing machine H such that H(w) = 1 of w = zy with

z of the form E(T) for some Turing machine T and T(y) finishes,
and H(w) =0 otherwse.
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Kolmogorov Complexity
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Given a Turing machine T, the Kolmogorov complexity of an object

y € X relative to T is Cr(y) = mingcqo,11+ £(2).
T(z)=y
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Given a Turing machine T, the Kolmogorov complexity of an object

y € X relative to T is Cr(y) = mingcso,13+ £(T).
T(z)=y

Theorem (Invariance)

Let Uy and U, be two uniwversal Turing machines. Then

|ICu.(y) — Cu,(y)| < cu,,u, where cy, y, s a constant independent of
Y.

We choose one such reference Turing machine and simply write C(z).
The invariance theorem guarantees that such a choice is generic.
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Egm‘ls can always be seen as a sequence of bits (e.g., finite
o ce for integers or character strings, infinite for reals), i.e., an
element of X = {0, 1}".

® Representations (e.g., English language sentences) can always be
seen as finite sequence of bits
® Looking for a function f :{0,1}* — X such that:

= f is effective: given z, one can compute f(z) (or enumerate the bits
of f(z) if z is finite) in a mechanical manner

= f is generic: no dependency on an arbitrary choice

= f is universal: all objects X “worth describing” (all finite sequences,
and interesting infinite sequences) are in f({0,1}*)

« f has compact representations, i.e., Cy(y) = mingego,1)~ £(z) as

f(=)=y
small as possible; C(y) minimum-length description of y for f
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For Next Week
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Textbook on Kolmogorov
complexity, chapter 1 (not
compulsory, but useful to go into
more detail).

Homework due by Monday 2pm next week (last homework!), published
later tonight.
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Contexte public } avec modifications

Par le ou la ion de ce Iutilis accepte la licence d'’utilisation qui y est attachée, telle que détaillée dans les
dispositions suivantes, et s’engage a la respecter intégralement.

La licence confére a I'utilisateur un droit d'usage sur le document consulté ou téléchargé, totalement ou en partie, dans les conditions définies ci-aprés et a
I'exclusion expresse de toute utilisation commerciale.
Le droit d'usage défini par la licence autorise un usage a destination de tout public qui comprend :
— le droit de reproduire tout ou partie du document sur support informatique ou papier,
— le droit de diffuser tout ou partie du document au public sur support papier ou informatique, y compris par la mise a la disposition du public sur un
réseau numérique,
— le droit de modifier la forme ou la présentation du document,
— le droit d’intégrer tout ou partie du document dans un document composite et de le diffuser dans ce nouveau document, a condition que :
— L'auteur soit informé.

Les mentions relatives a la source du document et/ou & son auteur doivent étre conservées dans leur intégralité.

Le droit d'usage défini par la licence est personnel et non exclusif.
Tout autre usage que ceux prévus par la licence est soumis a autorisation préalable et expresse de I'auteur : sitepedago@telecom-paristech.fr
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